Abstract. In this work, we discuss the existence of mild solutions in the α-norm for some partial functional integrodifferential equations with infinite delay. We assume that the linear part generates an analytic semigroup on a Banach space X and the nonlinear part is a Lipschitz continuous function with respect to the fractional power norm of the linear part.
Introduction
Byszewski [11] studied the problem of existence of solution of semilinear evolution equation with nonlocal conditions in Banach spaces. Byszewski and Acka [13] In this paper, we shall prove the existence and uniqueness of mild solutions in the α-norm of a functional integrodifferential equation with nonlocal conditions of the form
where −A is the infinitestimal generator of C 0 semigroup of operators (T (t)) t≥0 on a Banach space X and φ ∈ C((−∞, 0] : X) and the nonlinear operators f, k, g are given functions satisfying some assumptions.
Theorems about the existence, uniqueness and stability of solutions of differential, integrodifferential equations and functional-differential abstract evolution equations with nonlocal conditions were studied by Byszewski [11, 12, 13] , Balachandran [5] , Chandrasekara [6] , and Lin and Lu [18] .
Preliminaries
Here we assume that X is a Banach space with norm || · ||, −A is the infinitestinmal generator of a C 0 semigroup (T (t)) t≥0 on X and 
We make the following assumptions: (A 1 ) For every u t , w t ∈ E and t ∈ I, f (., u t , w t ) ∈ X (A 2 ) There exists a constant L > 0 such that
and L a are constants to be specified later. 
is said to be a mild solution of the nonlocal Cauchy problem.
We will discuss the following abstract partial differential equations with infinite delay:
where −A generates an analytic semigroup (T (t)) t≥0 on a Banach space X, B is a Banach space of functions mapping (−∞, 0] to X and satisfying some axioms that will be introduced later. For 0 < α < 1, A α denotes the fractional power of A ; we assume that F is defined on a subspace B α with values in X, where B α is defined by
We suppose that F is Lipschitz continuous with respect to the fractional power norm of A α . For every t ≥ 0, the history function x t ∈ B α is defined by
We will discuss the existence of a mild solution in the α-norm for equations(2.1), (2.2) . Recall that when f is Lipschitz continuous in B with respect to the X-norm, the equation has been exensively studied by several authors;for more details we refer to [1, 5, 9] and the references therein.
This work is motivated by the papers of Benkhalti [7] and Balhachandran [4] , where the authors studied the existence and stability in the α-norm for partial functional differential equations with finite delay; they assumed that F : 
The authors investigated several results regarding the existence, the regularity, and the stability of solutions in C α . Recently, in [3] , the author established several results about the existence and the stability in the α-norm for neutral partial functional differential equations. Let us recall some results that will be used throughout this work. Assume that, (H1) −A is the infinitestimal generator of an analytic semigroup (T (t)) t≥0 on a Banach space X and 0 ∈ ρ(A) where ρ(A) is the resolvent set of A.
Then, there exist constants M ≥ 1 and ω ∈ R such that ||T (t)|| ≤ M e ωt for t ≥ 0. Without loss of generality, we assume that ω > 0. If the assumption 0 ∈ ρ(A) is not satisfied, one can substitute the operator A for the operator (A − σI) with σ large enough so that 0 ∈ ρ(A − σI) and so we can always assume that 0 ∈ ρ(A).
For the fractional power (A α , D(A α )) , for 0 < α < 1 , and its inverse A −α , one has the following known result.
Theorem 2.2. ([19]) Let 0 < α < 1 and assume that (H1) holds. Then (i) D(A α ) is a Banach space with the norm ||x||
α = ||A α x|| for x ∈ D(A α ), (ii) T (t) : X → D(A α )for t > 0, (iii) A α T (t)x = T (t)A α x for x ∈ A α and t ≥ 0, (iv) for every t > 0, A α T (
t) is bounded on X and there exists
M α > 0 such that ||A α T (t)|| ≤ M α e ωt t α for t > 0, (v) A −α is a bounded linear operator on X with D(A α ) = Im(A −α ), (vi) if 0 < α < β < 1 , then D(A β ) → D(A α ), (vii) there exists N α > 0 such that ||(T (t) − I)A −α || ≤ N α t α for t > 0.
In the sequel, we denote by X α the Banach space D(A α , || · || α ). Recall that A −α is given by the following formulas
A −α = sin(πα) α ∞ 0 t −α (tI + A) −1 dt or A −α = 1 Γ(α) ∞ 0 t α−1 T (t)dt.
Both integrals converge in the uniform operator topology. Consequently, if T (t) is compact for every t > 0, then A α is compact for every
Moreover, if 0 < α < β < 1, then A −β : X → X α is also compact.
From now on, we use an axiomatic definition of the phase space B which was first introduced by Hale and Kato in [16] . We assume that B is the normed space of functions mapping (−∞, 0] into X and satisfying the following fundamental axioms:
(A) there exist a positive constant N , a locally bounded function M (·) on [0, ∞) and a continuous function 
where the function A −α φ is defined by 
Main theorem
, t ≤ 0. Let P be the operator defined on Λ by
We claim that P (Λ) ⊂ Λ. In fact, let u ∈ Λ, t 0 ∈ [0, a] and t 0 < t < a.
Consequently,
Arguing as above, one can show that if t 0 > 0, then,
This implies that P (u) ∈ Λ for all u ∈ Λ. In order to show that P has a unique fixed point in Λ, we use the strict contraction principle.
In fact, let w, u ∈ Λ and t ∈ [0, a]. Then,
Taking the α-norm, we obtain ||(P (w)(t) − P (u)(t))|| α 
